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INTEGRALS WITH A HIDDEN SOLUTION: NO NEED FOR COMPLEX CALCULATIONS

Abstract. This article presents a collection of definite integrals that, while seemingly beyond the reach of
standard high school techniques, can be evaluated using elementary properties and the Newton—Leibniz
formula. These examples are designed to shift students’ perception of integration from a purely procedural
task to a conceptual exploration. The methods and insights discussed here are intended to enrich
classroom instruction and serve as compact, curriculum-aligned challenge problems.
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1. Introduction

The definite integral is typically introduced to high school students as a computational tool,
evaluated through antiderivatives and standard algebraic techniques. However, many integrals
that appear intractable using these methods can be resolved with surprisingly simple ideas
already within students’ reach such as symmetry, properties of even and odd functions, and the
Newton-Leibniz formula.

This article aims to demonstrate how elegant reasoning can unlock integrals that initially
seem complex or inaccessible. By presenting problems whose solutions rely not on advanced
techniques but on insightful application of basic principles, we seek to highlight the conceptual
beauty of integration. In doing so, we hope to foster mathematical curiosity and provide teachers
with meaningful examples to enrich classroom learning.

The integrals presented here can be used as “short questions” in the high school curriculum,
particularly in advanced-level courses. They emphasize not only technical skill but also strategic
thinking an essential component of mathematical education.

2. Explanations and Justifications

The concept of the integral is not only fundamental in school-level mathematics, but also
essential for further academic studies. According to research by (Jones, 2014), most
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students perceive a definite integral either as the area under a curve or as an 'antiderivative’',
while only a minority recognize it as a sum. The findings of (Serhan, 2015) suggest that
although students are capable of applying procedural knowledge to solve integration tasks,
they often lack a deeper conceptual understanding of basic integration concepts.

In preparing this article, we asked ourselves how we could introduce students to
integrals that do not extend beyond the boundaries of the high school curriculum. Of course,
there are classical textbooks such as Thomas’ Calculus (Thomas et al., 2004), upon which
many high school materials are based. These typically present definite integrals as
computational exercises reliant on indefinite integrals.

Our focus, instead, is on properties that follow from the definition of the definite integral
and its inherent characteristics within the school curriculum. An additional objective is to
generate a sense of mathematical discovery by revealing seemingly 'hidden' solutions and
providing students with a meaningful experience of mathematical insight (Braverman,
Samovol, Applebaum, 2004). Students also gain a valuable takeaway: even when an
indefinite integral cannot be found for a specific function, the corresponding definite integral
may still be computable.

3. The Newton-Leibniz Formula as a Source of Interesting Properties

We begin by presenting several calculus definitions and theorems we will use (Thomas
et al., 2004).

Definition 1. A function F is an antiderivative of f on an interval D if for all x in D
F'(x) = f ().
The Fundamental Theorem of Calculus, Part 1.

Theorem 1. If f is continuous on [a, b], then

X
F(x) = ff(t)dt
a
is continuous on |[a,b], differentiable on (a,b), and its derivative is f(x); that is,
F'(x) = f(x).
The Fundamental Theorem of Calculus, Part 2 (Newton—Leibniz Formula).

Theorem 2. If f is continuous at every point of [a, b], and F is an antiderivative of f over
[a, b], then
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b

It is also worth noting that from the derivative property (F(kx + n))' = kF'(kx +n) and
from formula (*), it follows that:

b . -
ff(kx+n)dx=EF(kx+n) ==

1
] kF(kb+n)—EF(ka+n). (**)

a

Let f(x) be a function defined and continuous for all a < x < b. We will now demonstrate
several important properties of definite integrals that can be derived using the Newton—
Leibniz formula (*).

b b
Property (1) I, = jf(x)dx = ff(a + b — x)dx.

(b—a)
2
a+b

Property (2) I, = f f( > —x)dxsz(x)dx.

_(b-a)
2

If f(x) is defined and continuous for all 0 < x < 1, then:
L

3 2
Property (3) Iy = ff(sinx)dx=ff(C05x)dx-
0 0

If f(x) is defined and continuous for all —a < x < a, then:

Property (4) I, = ff(x)dx =ff(x)dx+ff(—x)dx.
-a 0 0

If f(x) is defined on the interval [—a, a] and is an even function then:

Property (5) I5 = ff(x)dx =2ff(x)dx.
-a 0

If f(x) is defined on the interval [—a, a] and is an odd function then:
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Property (6) I, = ff(x)dxzo.

Note: Before each full solution, we offer a brief conceptual clue. Readers who grasp the
underlying idea may choose to skip the detailed proof.

3.1. Proving the properties

Note: In all cases, F is an antiderivative of the function f.
Clues: If the function f (x) is defined and continuous for all a < x < b then:

b
I, = jf(x)dx = F(b) — F(a).

1. Now prove that:

b
Ilsz(a+b—x)dx.

Prove Property (2) using the Newton-Leibniz Formula.
Prove Property (3) using Property (1) fora =0, b =0,5-m.
Prove Property (4) using the Newton-Leibniz Formula.
Prove Property (5) using the Newton-Leibniz Formula.
Prove Property (6) using the Newton-Leibniz Formula.

2

Full proof.
To prove Properties (1) — (6), we will use the Newton—Leibniz Formula:

b
=F(b) — F(a) (*)

b
[ re dx = Feo

and also, the property:

b—lF kb 1Fk **
=% ( +n)_E (ka + n). (**)

b
ff(kx+n)dx= %F(kx+n)

a

We will now prove the properties:
Property (1) follows from formulas (*) and (**):
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b
=—F(a+b—-b)+F(a+b—a)=

a

Ilsz(a+b—x)dx=—F(a+b—x)
¢ (1)
=F(b)—F(a)=ff(x)dx.

Property (2) is established using (*) and (**) as well:

(b—a)
T2 b—a
a+b a+b 2
L= f f( 2 _x)dxz_F< 2 _x)_b;az
_(b;a)
a+b b-—a a+b b-—a (2)
:_F(2_2)+F(2+2):
= F(b)—F(a) = jf(x)dx.
Property (3) proof we will use Property (1):
I3 f(sinx)dx = | f sm O + - — x)) dx = | f(cosx)dx. 3)
~[renm oo 5o
Property (4) is established as follows:
a 0 a
I, = ff(x)dx = ff(x)dx + ff(x)dx. (4)
—-a -a 0

Applying Property (1) yields:

0 a o .
_]a f(X)dx+0Jf(X)dx =_ja f(—a+0—x)dx+ojf(x)dx_

According to (**) we obtain:

0 a a
_faf(—a+0—x)dx+!f(x)dx= ] +!f(x)dx=
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a
=F(0)—F(—a) + Jf(x)dx.
0
We proceed according to (**):

a a a a

F(0) - F(~a) + f FOOdx = —(F(=a) — F(~0)) + f FOo)dx = f Fl=x)dx + f FO0)dx.

0 0 0 0

Property (5). First, Property (4) is applied:

Is = ff(x)dx=ff(x)dx+ff(—x)dx.
“a 0 0

Given the fact that the function is an even function we obtain:

ff(x)dx+ff(—x)dx = ff(x)dx+ff(x)dx = fo(x)dx.
0 0 0 0 0

Property (6). Again, begin with Property (4):

Ig = faf(x)dx=j1f(x)dx+ff(—x)dx.
“a 0 0

Then we will use the fact that the function is odd and obtain:

]af(x)dx + Jaf(—x)dx = Jaf(x)dx— faf(x)dx = 0.
0 0 0 0

3.1. Examples

Example 1. Evaluate the following integral using Property (1):

4

; _J In x2 4
~ J Inx2 + In(x2 — 12x + 36) X
2

(This example is taken from the 48th William Lowell Puthnam Competition, 1987).
Solving. Clues:
1) Prove using Property (1) (with a = 2, b = 4) that:
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4
Inx

I = dx.
Inx +1In(6 —x) *
2

2) Prove that:

=f In(6 — x)

In(6 —x) + Inx
2

3) Prove that:

4
Inx +1In(6 —x)
21=] x =2
Inx +1In(6 —x)

2

Calculate I in a different way.

Full proof. First, simplify the expression inside the integral using logarithmic properties:

4

f _j In x? 4
~ ) Inx? + In(x2 — 12x + 36) x=
2

4 4 4

_f 2Inx p _f 2Inx dy = Inx 4
) 2nx+in(x—62" T ) 2Inx+2m(6-0" " JInx+In(6—x) "
2 2 2

Now apply Property (1):

4

j In x dx =
Inx +1In(6 —x) *=

2

_.f‘* In(2+4—x) D = * In(6-—x)
T, mZt4-0+n(6-C+a-—2) " ), m(6—x) +Inx""
Then:
4
I_f In x 4
~ ) Inx+1In(6—x) x
2
But also:
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4
f In(6 — x)
= dx.
In(6 —x) +Inx
2
Therefore:
4 4 4
I+1= Y gy [ 2070 —fd =2
") Inx+m(6—0" T Inx+n(6—0) " "] HT~
2 2

And in conclusion:
2l=2 = [1=1.

Answer: [ = 1.

Example 2. Evaluate the following integral using Property (3):

dx.

T
2

_J‘ Vsin x
0

vsin x + +/cos x

Solving. Apply Property (3):

dx.

\/sinx+\/cosx Vcos x + /sinx

I I
2 i 2
J Vsinx f Vcosx
0 0

Add the two resulting integrals:

T T
2 2
Vsin x VCOoS X
I+1= f dx + dx.
. v/sin x + +v/cos x . v/cosx + +/sinx
Therefore:
T T
f\/ \/ 2
sinx + vcos x T
21 = dx = f dx = —.
vsin x + +/cos x 2
0 0
So:
. T
=7
Answer. [ = %.
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Example 3. Evaluate the following integral using Properties (2) and (4)

: VIn(9 — x)

- 4 \/ln(x+ 3) +\/ln(9 - x)

Solving. Clues:
1. Prove using Property (2) with a = 2, b = 4 that:

/- .f VIn(6 + x) dx
- . \/ln(6 —X) +\/ln(9 —Xx) .

2. Prove using Property (4) with a = —1,b = 1 that:

1
. \/ln(6+x)+\/ln(6—x)dx
_O\/ln(6—x)+\/ln(6+x) .

Full proof. Apply Property (2):

VIn(9 — x) _

I= dx =
2 /InCx +3) +/In(9 — x) ¥

2 nfo-(52)

3 f VIn(6 + x) y
B 2 \/ln(6 —x)+ \/ln(6 + x)

Then use Property (4):

f VIn(6 + x)
2 JIn(6 — x) +/In(6 + x)

_f VIn(6 + x) e + q +In(6 — x)
_0 \/ln(6—x)+\/ln(6+x) J \/ln(6+x)+\/ln(6—x)
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B 1\/ln(6+x) +/In(6 — x)
- J VIn(6 — x) + /In(6 + x)

1
dx=fdx=1.
0

Answer: [ = 1.
Example 4. Evaluate the following integral using Properties (5) and (6):

x7 —5x° —3x3 4+ 8tan?«x

> dx.
cos? x

~
Il
|
N NE

Solving. Clues:
1. Prove that:

2. Prove that:

s TL'
4 4
8tan?x 5
dx =8+ | tan”x d (tanx).
Vi s
z 4

3. Calculate that! =1, + I,.

Full proof. Rewrite the integral:

x7 —5x% — 3x3 8tan? x

cos? x

x7 —5x% — 3x3 + 8tan?x

> dx =
cos? x

dx +

cos? x

~
Il
|
Ay~ INE]
|
ENE e N
|
N e T

The function

x7 —5x° —3x3

cos? x

f&) =

is odd so:

37



Integrals with a Hidden Solution: No Need for Complex Calculations
Braverman A., Carmi O., Samovol P.

(=x)7 = 5(=x)° = 3(=x)® _ _x7 — 5x> — 3x3

f=0) = cos2( — x) B cos? x =
The function
() = 8tan?x
G = ost x
is even so:
8tan?(—x) 8tan’x
9(=x) = cos?(—x)  cos?x 900).
Therefore, by Properties (5) and (6):
s s s
1 4 1 n
x7 —5x° — 3x3 tan? x " 8tan3x|* 8
f x + f =0+2f8tan xd(tanx) = =—
cos? x 3 3
T T 0 0
4 4

8
Answer: [ = >

Example 5. Evaluate the following:

1
f IF ) — xldx.
0

If you know that f(x) is continues and symmetric with respectto y = x and f(0) = 1.

Solving. Clues:
1. Sketch f(x) for0 <x < 1.

2. Look at the provided sketch of a general f(x) (Figure 1).
3. Explainwhy S, =S;,and §; =S,
4. Check if necessarily S, +S, = 0,5.
5. Prove that:
Xo 1
[ = j 1£G) = xldx = [ [FG) = xldx + [ [x = fGlax
0 X0

6. Prove that I = 0,5 ' SABCD'
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7. How might this problem be generalized?

B C
AP
S3
xo — Sl
S4
A | D
Xo

Figure 1. Sketch of f(x).

Full proof. In Figure 1, point A is the origin, B(0,1), C(1,1), D(1,0).

We know that f(0) = 1 and also that f(x) is symmetrical with respect to y = x, it is its
own inverse. Then f(1) = 0.

The function f(x) intersects the line y = x at the point (x,, x,), since it is continuous,
point B lies above the line, and point D lies below it. We therefore obtain: f(x,) = x,.

ABCD is a square with side length 1 the diagonal AC divides it into two congruent

triangles, each of area % Since f(x) is symmetric with respect to y = x, we obtain: S, = S5,

and Sl = S4.
We can see that:

1 1
S3 +S4_ :‘91 +SZ :ESABCD ZE

Therefore:

1
52+S4 =S3+S4=E

I'=[1f(x) —xldx = [ |f(x) = x[dx + | |f(x) — x]|dx.
Jreoec= [ e

That is because x, is the intersection with y = x, if x > x, we get that x < f(x). If
x < xowe getthat x > f(x).
So, for x < x:
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lf(x) —x|=f(x) —x

and for x > x,:

If(x) — x| =x— f(x).

I—f[f(x)—x] X+ f[x—f(x)]dx—51+53—51+52—E.
0 1_1
-

1
Answer: [ = >

3.3. Integrals with reversed limits of integration

Example 6. Evaluate the following integral:

arctan x

——dx, a>1.
1—x+x2

~
Il
Qe

Solving. Clues:
1. Prove that:

2. Use the fact that:

3. Prove that:

1
arctan—

x2—x+1 "

~
Il
Ql»—""g
=
QU
=

4. Calculate 21.
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Full proof. This integral has limits of integration that are symmetric with respect to a
transformation. Thus, we use the substitution t = iwhich allows us to preserve the limits of

integration.
Wegett=— dt = —andifx=— thent=aq,ifx =athen t == (a > 1):
1 1
a a a 1
arctan x arctan— dt arctan?
/= _) =—[—Lat
fl—x+x2 fl t2 ftz—t+1
1 a a
a
We know that:
b a
ff(x)dx = —ff(x)dx.
a b
Therefore:
1
a a a 1
arctan - arctan - arctan—
[ [ [
t2—t+1 t2—t+1 x2—x+1
a 1 1
a a

We now add the original integral to the expression we just obtained (which is equal to

1
arctan x + arctan p

dx.
1—x+x2 x

I+1=

1-— +x2

Qll—‘%g

arctan x j arctan =
1
a

II
QIH\Q

We will use the fact that for all real x, arctan x + arctani = g therefore:

a 1 a T
arctan x + arctan; Vi
21 = dx = | —=——dx.
j 1—x+x2 fl—x+x2
1 1
a a

Complete the square in the denominator where appropriate, and simplify:
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a

a 1
51 nj‘ dx T 2 . X—3 T . 2x — 1%
=— = —.—arctan = — - arctan =
2) nZ (V3 2 V3 V3 V3 V3 11
— —_— - a
s (x-2) +(3 2 1L
T " 2a —1 " -—1
= —-| arctan — arctan
V3 V3 V3
Answer:
2
] T " 2a — 1 " 5—1
=——-| arctan — arctan
2v/3 V3 V3

Example 7. Evaluate the following integral:
1
I = fln(x+ 1+x2)dx.
0

Solving. Clues:
1. Use Integration by parts.
Or
1. Calculate the inverse function.

2. Look at the lines x = In(1 + v2) and y = In(1 + v2).

Full proof. We will provide 2 proofs.
First: We will use Integration by parts,

judv=uv—fvdu.

Let's substitute:

dv = dx, u=ln(x+ 1+x2),
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1 2x 1
du=—-(1+—)dx= dx.
x+V1+ x2 2V1 + x2 V1 + x2

fln(x+ 1+x2)dx=x-ln(x+ 1+x2)—J\/%dx,
X

fln(x+ 1+x2)dx=x-In(x+1+22) =1 +x2 +C.

Now we can find I:

1
I=fln(x+ 1+x2)dx=(x-ln(x+\/1+x2)—\/1+x2)|(1)=
0

= In(1+V2) - VZ+1.
Second:
y=f(kx) = ln(x+ 1+x2).
We can see that:

f'(x)>0.
Therefore, the function f(x) is ascending throughout its entire domain, and there exists
a function f~1(x):

Let's build f~1(x):

y=1In (x ++14+ xz) (blue);

x=ln(y+w/1+y2) (red);
y—e¥=y1l+y?->y—e*=0;
y? —2ye* +e** =1+ y2.

We get:
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It is known that the graphs of inverse functions are symmetric with respect to the line
y = x additionally, as shown in the diagram, the coordinates of point D are (1,In(1 + v2))

and the coordinates C are (In(1 + v2),1).
We want to find the doted area which is equal to the dashed area (Figure 2).

18

1.6

1.4 ]c-';(x}________

12

\\\\\\\ ------- /D

@
e o @ . e ®
o § L, ®, vasen

0.2 0.4 06 0.8 12 14 16 18 2 2.2

Figure 2. Diagram of f(x) and its inverse
1
I =fln(x+ 1+x2)dx=
0

ln(1+‘/§) o¥ _ =% 0¥ _ px 1n(1+\/§)
e e e O J, S
0
Answer: I =1In(1++v2) = V2 + 1.
4. Additional Examples (Without Solutions)

We now present several additional integrals that can be solved using the properties
discussed above, but we leave their full solutions to the reader:
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VA
2
COS Xx
II= f 1 dx;
mex +1
2
1
In(1 + x)
Iy = 211 ;

I, — Cluse:
1. Use Property (4).
2. Prove that:

Show that:

Conclude that:

Iy — Cluse:
1. Take x = tan(¢) and check if:
s

4
I = f In (1 + tan(¢))d¢.
0

For 0s¢ <.

2. Check if

%
I, = J In (1 + tan (% ~9))dg.
0
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3. Prove that:

Tl.'

In(2)d¢ — J In(1 + tan(¢)) do.

O\an

i
fln 1+tan ——qb)) dop =
0

4. Show that:
III = gln(Z).
Iy — Cluse:

. tan‘/—x
1. Define f(x) = m and g(x) = Tranis and see that f(x) + g(x) = 1.
2. Prove that g(X) = m.
3. Verify that g(x) = f (5 - x).
4. Show that:

T

7
ff(x)dx +fg(x)dx = %
0 0

5. Prove that:
i3

ff(x)dxzfg(x)dx.
0 0

6. Finally show that:

Iy =
5. Conclusion

In this article, we presented several properties of the definite integral that allow for the
evaluation of integrals which, at first glance, seem unsolvable. The methods demonstrated
here provide valuable material for teachers who wish to enrich their instruction on
integration, and they also offer additional tools to students or undergraduates studying the
topic of the definite integral.
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In our view, both the derivation of the formulas presented in the article and the evaluation
of integrals using them can serve as a source for “short questions” in high school
mathematics curriculum.
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Integrals with a Hidden Solution: No Need for Complex Calculations

Braverman A., Carmi O., Samovol P.

IHTErPANN 3 NPUXOBAHUM PO3B'A3KOM: HEMAE NOTPEBU B CKITAOHUX
OBYUCIIEHHAX

AHomauis. Y uitl cmammi npedcmaessieHO KOIeKUit0 8U3HAYeHUX iHmezparnis, siKi, xo4ya, 30asasiocs 6,
8UX00sIMb 3a MeXi OOCSXKHOCMI cmaHOapMHUX WKINbHUX Memodig, MOXHa obyuciumu 3a 0ornoMo2ok0
enieMeHmapHux enacmugocmet ma ¢ghopmynu Hetomora-Jlelibriua. Lli npuknadu po3pobirieHi 0515t moeo,
w06 3MiHUMU CnpulHAMMS y4YHAMU IHMe2pys8aHHs 3 Cymo rpouedypHO20 3a80aHHsI Ha KOHUenmyarbHe
docnidxeHHs. Memodu ma idei, wjo ob2ogopOMbBLCS Mym, Markmb Ha Memi 36aecamumu Hag4YaHHs 8
Knaci ma cryaysamu KOMakmHumMu, y3200)KeHUMU 3 Ha8yasibHO rpo2pamoro CKnadHumu 3adadyamul.

Knroyoei crioea: susHayeHi iHmezparsnu; MameMamuyHa oceima; KoHuenmyarsbHe 00CniOKeHHS; CKadHi
3adaui.

OmpumaHo pedakuietro xypHany: 25.02.2026
lMpudiHamo 0o ny6nikayii: 19.06.2026
Onyé6nikosaHo: 30.07.2026
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  F  


  f


  D


  x


    D


    F ′  ( x ) = f  ( x ) .


  f


  [ a , b ]


  F  ( x ) =   ∫  a  x  f  ( t ) d t


  [ a , b ]


  ( a , b )


  f  ( x )


      F ′  ( x ) = f ( x )


  f


  [ a , b ]


  F


  f


  [ a , b ]


    ∫  a  b  f  ( x ) d x = F  ( b ) − F  ( a ) .


     ( F ( k x + n ) ) ′ = k   F ′ ( k x + n )


    ∫  a  b  f  ( k x + n ) d x    =  1  k F  ( k x + n ) |  a  b =  1  k F  ( k b + n ) −  1  k F  ( k a + n ) .


  f  ( x )


  a ≤ x ≤ b


    I 1 =   ∫  a  b  f  ( x ) d x =     ∫  a  b  f  ( a + b − x ) d x .


    I 2 =   ∫  −    ( b − a ) 2     ( b − a ) 2  f  (   a + b 2 − x ) d x =   ∫  a  b  f  ( x ) d x .


  f ( x )


  0 ≤ x ≤ 1


    I 3 =   ∫ 0    𝜋 2  f  (  sin ⁡  x ) d x =   ∫ 0    𝜋 2  f  (  cos ⁡  x ) d x .


  f ( x )


  − a ≤ x ≤ a


    I 4 =   ∫  − a  a  f  ( x ) d x =   ∫ 0  a  f  ( x ) d x +   ∫ 0  a  f  ( − x ) d x .


  f  ( x )


   [ − a , a ]


    I 5 =   ∫  − a  a  f  ( x ) d x = 2   ∫ 0  a  f  ( x ) d x .


  f  ( x )


   [ − a , a ]


    I 6 =   ∫  − a  a  f  ( x ) d x = 0 .


  F  


  f


  f  ( x )


  a ≤ x ≤ b


    I 1 =   ∫  a  b  f  ( x ) d x = F  ( b ) − F  ( a ) .


    I 1 =   ∫  a  b  f  ( a + b − x )   d x .


  a = 0 ,     b = 0 , 5 ∙ 𝜋 .


    ∫  a  b  f  ( x )   d x = F  ( x )                 |  a  b = F  ( b ) − F  ( a )


    ∫  a  b  f  ( k x + n ) d x    =  1  k F  ( k x + n ) |  a  b =  1  k F  ( k b + n ) −  1  k F  ( k a + n ) .


    I 1 =   ∫  a  b  f  ( a + b − x ) d x = − F  ( a + b − x )                 |  a  b = − F  ( a + b − b ) + F  ( a + b − a ) =


  = F  ( b ) − F  ( a ) =   ∫  a  b  f  ( x ) d x .


  = F  ( b ) − F  ( a ) =   ∫  a  b  f  ( x ) d x .


    I 2 =   ∫  −    ( b − a ) 2     ( b − a ) 2  f  (   a + b 2 − x ) d x =    − F  (   a + b 2 − x ) |  −   b − a 2    b − a 2 =


  = − F  (   a + b 2 −   b − a 2 ) + F  (   a + b 2 +   b − a 2 ) =


  = − F  (   a + b 2 −   b − a 2 ) + F  (   a + b 2 +   b − a 2 ) =


  =   F  ( b ) − F  ( a ) =   ∫  a  b  f  ( x ) d x .


  =   F  ( b ) − F  ( a ) =   ∫  a  b  f  ( x ) d x .


    I 3 =   ∫ 0    𝜋 2  f  (  sin ⁡  x ) d x =   ∫ 0    𝜋 2  f  (  sin ⁡   ( 0 +   𝜋 2 − x ) ) d x =   ∫ 0    𝜋 2  f  (  cos ⁡  x ) d x .


    I 4 =   ∫  − a  a  f  ( x ) d x =   ∫  − a 0  f  ( x ) d x +   ∫ 0  a  f  ( x ) d x .


    ∫  − a 0  f  ( x ) d x +   ∫ 0  a  f  ( x ) d x =   ∫  − a 0  f  ( − a + 0 − x ) d x +   ∫ 0  a  f  ( x ) d x .


    ∫  − a 0  f  ( − a + 0 − x ) d x +   ∫ 0  a  f  ( x ) d x =   − F  ( − a − x )               |  − a 0 +   ∫ 0  a  f  ( x ) d x =


  = F  ( 0 ) − F  ( − a ) +   ∫ 0  a  f  ( x ) d x .


  F  ( 0 ) − F  ( − a ) +   ∫ 0  a  f  ( x ) d x = −  ( F  ( − a ) − F  ( − 0 ) ) +   ∫ 0  a  f  ( x ) d x =   ∫ 0  a  f  ( − x ) d x +   ∫ 0  a  f  ( x ) d x .


    I 5 =   ∫  − a  a  f  ( x ) d x =   ∫ 0  a  f  ( x ) d x +   ∫ 0  a  f  ( − x ) d x .


    ∫ 0  a  f  ( x ) d x +   ∫ 0  a  f  ( − x ) d x =   ∫ 0  a  f  ( x ) d x +   ∫ 0  a  f  ( x ) d x = 2   ∫ 0  a  f  ( x ) d x .


    I 6 =   ∫  − a  a  f  ( x ) d x =   ∫ 0  a  f  ( x ) d x +   ∫ 0  a  f  ( − x ) d x .


    ∫ 0  a  f  ( x ) d x +   ∫ 0  a  f  ( − x ) d x =   ∫ 0  a  f  ( x ) d x −   ∫ 0  a  f  ( x ) d x = 0 .


  I =   ∫ 2 4     ln ⁡    x 2   ln ⁡    x 2 +  ln ⁡   (   x 2 − 12 x + 36 ) d x .


  a = 2 ,     b = 4


  I =   ∫ 2 4     ln ⁡  x   ln ⁡  x +  ln ⁡ ( 6 − x ) d x .


  I =   ∫ 2 4     ln ⁡   ( 6 − x )    ln ⁡ ( 6 − ⁡  x ) +   l n ⁡  x   d x .  


  2 I =   ∫ 2 4     ln ⁡  x +  ln ⁡ ( 6 − x )   ln ⁡  x +  ln ⁡ ( 6 − x ) d x = 2 .


  I  


  I =   ∫ 2 4     ln ⁡    x 2   ln ⁡    x 2 +  ln ⁡   (   x 2 − 12 x + 36 ) d x =


  =   ∫ 2 4    2  ln ⁡  x    2   ln ⁡  x +  ln ⁡ ( x − 6  ) 2 d x =   ∫ 2 4    2  ln ⁡  x    2   ln ⁡  x +   2   ln ⁡ ( 6 − x ) d x =   ∫ 2 4     ln ⁡  x   ln ⁡  x +  ln ⁡ ( 6 − x ) d x .


    ∫ 2 4     ln ⁡  x   ln ⁡  x +  ln ⁡ ( 6 − x ) d x =


  =   ∫ 2 4     ln ⁡ ( 2 + 4 − x )   ln ⁡ ( 2 + 4 − x ) +  ln ⁡ ( 6 − ( 2 + 4 − x ) ) d x =   ∫ 2 4     ln ⁡ ( 6 − x )   ln ⁡ ( 6 − x ) +  ln ⁡  x d x .


  I =   ∫ 2 4     ln ⁡  x   ln ⁡  x +  ln ⁡ ( 6 − x ) d x .


  I =   ∫ 2 4     ln ⁡   ( 6 − x )   ln ⁡   ( 6 − x ) +  ln ⁡  x d x .


  I + I =   ∫ 2 4     ln ⁡  x   ln ⁡  x +  ln ⁡ ( 6 − x ) d x +   ∫ 2 4     ln ⁡ ( 6 − x )   ln ⁡  x +  ln ⁡ ( 6 − x ) d x =   ∫ 2 4  d x = 2 .


  2 I = 2         ⇒         I = 1 .


  I = 1


  I =   ∫ 0    𝜋 2      sin ⁡  x    sin ⁡  x +   cos ⁡  x d x .


  I =   ∫ 0   π 2      sin ⁡  x    sin ⁡  x +   cos ⁡  x d x =   ∫ 0   π 2      cos ⁡  x    cos ⁡  x +   sin ⁡  x d x .


  I + I =   ∫ 0    𝜋 2      sin ⁡  x    sin ⁡  x +   cos ⁡  x d x +   ∫ 0    𝜋 2      cos ⁡  x    cos ⁡  x +   sin ⁡  x d x .


  2 I =   ∫ 0    𝜋 2      sin ⁡  x +   cos ⁡  x    sin ⁡  x +   cos ⁡  x d x =   ∫ 0    𝜋 2  d x =   𝜋 2 .


  I =   𝜋 4 .


  I =   𝜋 4


  I =   ∫ 2 4      ln ⁡   ( 9 − x )    ln ⁡   ( x + 3 ) +   ln ⁡   ( 9 − x ) d x .


  a = 2 ,     b = 4


  I =   ∫  − 1 1      ln ⁡   ( 6 + x )    ln ⁡   ( 6 − x ) +   ln ⁡   ( 9 − x ) d x .


  a = − 1 ,   b = 1


  I =   ∫ 0 1      ln ⁡   ( 6 + x ) +   ln ⁡   ( 6 − x )    ln ⁡   ( 6 − x ) +   ln ⁡   ( 6 + x ) d x .


  I =   ∫ 2 4      ln ⁡   ( 9 − x )    ln ⁡   ( x + 3 ) +   ln ⁡   ( 9 − x ) d x =


  =   ∫  −   4 − 2 2    4 − 2 2      ln ⁡   ( 9 −  (   4 + 2 2 − x ) )    ln ⁡   (  (   4 + 2 2 − x ) + 3 ) +   ln ⁡   ( 9 −  (   4 + 2 2 − x ) ) d x =


  =   ∫  − 1 1      ln ⁡   ( 6 + x )    ln ⁡   ( 6 − x ) +   ln ⁡   ( 6 + x ) d x .


    ∫  − 1 1      ln ⁡   ( 6 + x )    ln ⁡   ( 6 − x ) +   ln ⁡   ( 6 + x ) d x =


  =   ∫ 0 1      ln ⁡   ( 6 + x )    ln ⁡   ( 6 − x ) +   ln ⁡   ( 6 + x ) d x +   ∫ 0 1      ln ⁡   ( 6 − x )    ln ⁡   ( 6 + x ) +   ln ⁡   ( 6 − x ) d x =


  =   ∫ 0 1      ln ⁡   ( 6 + x ) +   ln ⁡   ( 6 − x )    ln ⁡   ( 6 − x ) +   ln ⁡   ( 6 + x ) d x =   ∫ 0 1  d x = 1 .


  I = 1


  I =   ∫  −   𝜋 4    𝜋 4      x 7 − 5   x 5 − 3   x 3 + 8    tan 2 ⁡  x     cos 2 ⁡  x d x .


    I 1 =   ∫  −   𝜋 4    𝜋 4      x 7 − 5   x 5 − 3   x 3     cos 2 ⁡  x d x = 0 .


    ∫  −   𝜋 4    𝜋 4    8    tan 2 ⁡  x     cos 2 ⁡  x d x = 8 ∙   ∫  −   𝜋 4    𝜋 4     tan 2 ⁡  x   d   ( tan ⁡  x ) .


  I =   I 1 +   I 2 .


  I =   ∫  −   𝜋 4    𝜋 4      x 7 − 5   x 5 − 3   x 3 + 8    tan 2 ⁡  x     cos 2 ⁡  x d x =   ∫  −   𝜋 4    𝜋 4      x 7 − 5   x 5 − 3   x 3     cos 2 ⁡  x d x +   ∫  −   𝜋 4    𝜋 4    8    tan 2 ⁡  x     cos 2 ⁡  x d x .


  f  ( x ) =     x 7 − 5   x 5 − 3   x 3     cos 2 ⁡  x


  f  ( − x ) =   ( − x  ) 7 − 5 ( − x  ) 5 − 3 ( − x  ) 3     cos 2 ⁡ ( − x ) = −     x 7 − 5   x 5 − 3   x 3     cos 2 ⁡  x = − f  ( x ) .


  g  ( x ) =   8    tan 2 ⁡  x     cos 2 ⁡  x


  g  ( − x ) =   8    tan 2 ⁡ ( − x )     cos 2 ⁡ ( − x ) =   8    tan 2 ⁡  x     cos 2 ⁡  x = g  ( x ) .


    ∫  −   𝜋 4    𝜋 4      x 7 − 5   x 5 − 3   x 3     cos 2 ⁡  x d x +   ∫  −   𝜋 4    𝜋 4    8    tan 2 ⁡  x     cos 2 ⁡  x d x = 0 + 2   ∫ 0    𝜋 4  8    tan 2 ⁡  x d  ( tan x ) =      8    tan 3 ⁡  x 3 | 0    𝜋 4 =  8 3 .


  I =  8 3


    ∫ 0 1   | f  ( x ) − x | d x .


  f  ( x )


    y = x


  f  ( 0 ) = 1


  f  ( x )


  0 ≤ x ≤ 1


  f  ( x )


    S 2 =   S 3


    S 1 =   S 4


    S 2 +   S  4   = 0 , 5


  I =   ∫ 0 1   | f  ( x ) − x | d x =   ∫ 0    x 0   [ f  ( x ) − x ] d x +   ∫    x 0 1   [ x − f  ( x ) ] d x .


  I = 0 , 5 ∙   S  A B C D


  f ( x )


  A


  B ( 0 , 1 )


  C ( 1 , 1 )


  D ( 1 , 0 )


  f  ( 0 ) = 1


  f  ( x )


  y = x


  f  ( 1 ) = 0


  f ( x )


  y = x


  (   x 0 ,   x 0 )


  f  (   x 0 ) =   x 0


  1


   1 2


    f  ( x )


    y = x


    S 2 =   S 3


    S 1 =   S 4


    S 3 +   S 4 =   S 1 +   S 2 =  1 2   S  A B C D =  1 2 .


      S 2 +   S  4   = S 3 +   S 4 =  1 2 .


  I =   ∫ 0 1   | f  ( x ) − x | d x =   ∫ 0    x 0   | f  ( x ) − x | d x +   ∫    x 0 1   | f  ( x ) − x | d x .


    x 0


  y = x


  x ≥   x 0  


  x ≤ f  ( x )


  x ≤   x 0  


  x ≥   f  ( x )


  x ≤   x 0


   | f  ( x ) − x | = f  ( x ) − x  


  x ≥   x 0 :


   | f  ( x ) − x | = x − f  ( x ) .


  I =   ∫ 0    x 0   [ f  ( x ) − x ] d x +   ∫    x 0 1   [ x − f  ( x ) ] d x =   S 1 +   S 3 =   S 1 +   S 2 =  1 2   .


  I =  1 2 .


  I =  1 2 .


  I =  1 2


  I =   ∫   1  a  a     arctan ⁡  x  1 − x +   x 2 d x ,     a > 1 .


  I =   ∫  a   1  a     arctan ⁡   1  t    t 2 − t + 1 d t .


    ∫  a  b  f  ( x ) d x = −   ∫  b  a  f  ( x ) d x .


  I =   ∫   1  a  a     arctan ⁡   1  x    x 2 − x + 1 d x .


  2 I


  t =  1  x


  t =  1  x


  d t =   −   d x    x 2


  x =  1  a


  t = a


  x = a


    t =  1  a


  ( a > 1 )


  I =   ∫   1  a  a     arctan ⁡  x  1 − x +   x 2 d x =   ∫  a   1  a     arctan ⁡   1  t  1 −  1  t +  1    t 2 ∙  ( −   d t    t 2 ) = −   ∫  a   1  a     arctan ⁡   1  t    t 2 − t + 1 d t .


    ∫  a  b  f  ( x ) d x = −   ∫  b  a  f  ( x ) d x .


  I = −   ∫  a   1  a     arctan ⁡   1  t    t 2 − t + 1 d t =   ∫   1  a  a     arctan ⁡   1  t    t 2 − t + 1 d t =   ∫   1  a  a     arctan ⁡   1  x    x 2 − x + 1 d x .


  I + I =   ∫   1  a  a     arctan ⁡  x  1 − x +   x 2 d x +   ∫   1  a  a     arctan ⁡   1  x    x 2 − x + 1 d x =   ∫   1  a  a     arctan ⁡  x +  arctan ⁡   1  x  1 − x +   x 2 d x .


  x


   arctan ⁡  x +  arctan ⁡   1  x =   𝜋 2


  2 I =   ∫   1  a  a     arctan ⁡  x +  arctan ⁡   1  x  1 − x +   x 2 d x =   ∫   1  a  a      𝜋 2  1 − x +   x 2 d x .


  2 I =   𝜋 2   ∫   1  a  a    d x     ( x −  1 2 ) 2 +    (    3 2 ) 2 =   𝜋 2 ⋅  2   3     arctan ⁡    x −  1 2     3 2 |   1  a  a =   𝜋   3 ⋅     arctan ⁡    2 x − 1   3 |   1  a  a =


  =   𝜋   3 ⋅  (  arctan ⁡    2 a − 1   3 −  arctan ⁡     2  a − 1   3 ) .


  I =   𝜋  2  3 ⋅  (  arctan ⁡    2 a − 1   3 −  arctan ⁡     2  a − 1   3 ) .


  I =     ∫ 0 1   ln ⁡   ( x +  1 +   x 2 ) d x .


  x =  ln ⁡   ( 1 +  2 )


  y =  ln ⁡   ( 1 +  2 )


   ∫  u d v = u v −  ∫  v d u .


  d v = d x ,     u =  ln ⁡   ( x +  1 +   x 2 ) ,


  ↓


  v = x ,


  d u =  1  x +  1 +   x 2 ∙  ( 1 +   2 x  2  1 +   x 2 ) d x =  1   1 +   x 2 d x .


   ∫   ln ⁡   ( x +  1 +   x 2 ) d x = x ∙  ln ⁡   ( x +  1 +   x 2 ) −  ∫    x   1 +   x 2 d x ,


   ∫   ln ⁡   ( x +  1 +   x 2 ) d x = x ∙  ln ⁡   ( x +  1 +   x 2 ) −  1 +   x 2 + C .


  I :


  I =   ∫ 0 1   ln ⁡   ( x +  1 +   x 2 ) d x =     ( x ∙ ln  ( x +  1 +   x 2 ) −  1 +   x 2 ) | 0 1 =


  =  ln ⁡   ( 1 +  2 ) −  2 + 1 .


  y = f  ( x ) =  ln ⁡   ( x +  1 +   x 2 ) .


    f ′  ( x ) > 0 .


  f  ( x )


    f  − 1  ( x ) :


    f  − 1  ( x ) :


  y =  ln ⁡   ( x +  1 +   x 2 )           ( blue ) ;


  x =  ln ⁡   ( y +  1 +   y 2 )           ( red ) ;


  y −   e  x =  1 +   y 2 → y −   e  x ≥ 0 ;


    y 2 − 2 y   e  x +   e  2 x = 1 +   y 2 .


  y =   f  − 1  ( x ) =     e  x −   e  − x 2 <   e  x        ( red ) .


  y = x


   ( 1 ,  ln ⁡   ( 1 +  2 ) )


  C


   (  ln ⁡   ( 1 +  2 ) , 1 )


  f  ( x )


  I =   ∫ 0 1   ln ⁡   ( x +  1 +   x 2 ) d x =


  =   ∫ 0   ln ⁡   ( 1 +  2 )   ( 1 −     e  x −   e  − x 2 ) d x =       ( x −     e  x −   e  − x 2 ) | 0   ln ⁡   ( 1 +  2 ) =  ln ⁡   ( 1 +  2 ) −  2 + 1 .


  I =  ln ⁡   ( 1 +  2 ) −  2 + 1


    I  I =   ∫  −   𝜋 2    𝜋 2     cos ⁡  x    e   1  x + 1 d x ;


    I  I I =   ∫ 0 1     ln ⁡   ( 1 + x )    x 2 + 1 d x ;


    I  I I =   ∫ 0 1     ln ⁡   ( 1 + x )    x 2 + 1 d x ;


    I  I I I =   ∫ 0    𝜋 2    d x    1 + tan   2 x d x .


    𝑰  𝐈  


    I  I =     ∫ 0    𝜋 2   cos ⁡   ( x ) ∙  (  1    e   1  x + 1 +  1    e  −  1  x + 1 ) d x .


   (  1    e   1  x + 1 +  1    e  −  1  x + 1 ) = 1 .


    I  I = 1 .


    𝑰  𝐈 𝐈  


  x =  tan ⁡   ( 𝜙 )


    I  I I =     ∫ 0    𝜋 4 ln  ( 1 +  tan ⁡   ( 𝜙 ) ) d 𝜙 .


  0 ≤ 𝜙 ≤   𝜋 4


    I  I I =   ∫ 0    𝜋 4 ln  ( 1 +  tan ⁡   (   𝜋 4 − 𝜙 ) ) d 𝜙 .


    ∫ 0    𝜋 4 ln  ( 1 +  tan ⁡   (   𝜋 4 − 𝜙 ) ) d 𝜙   =     ∫ 0    𝜋 4   ln ⁡   ( 2 ) d 𝜙 −   ∫ 0    𝜋 4   ln ⁡   ( 1 +  tan ⁡   ( 𝜙 ) ) d 𝜙 .


    I  I I =   𝜋 8  ln ⁡   ( 2 ) .


    𝑰  𝐈 𝐈 𝐈  


  f  ( x ) =  1    1 + tan   2 x  


  g  ( x ) =      tan   2 x    1 + tan   2 x


  f  ( x ) + g  ( x ) = 1


  g  ( x ) =  1  1 +  cotan   2    ( x )  


  g  ( x ) = f  (   𝜋 2 − x )


    ∫ 0    𝜋 2  f  ( x ) d x +   ∫ 0    𝜋 2  g  ( x ) d x =   𝜋 2 .


    ∫ 0    𝜋 2  f  ( x ) d x =   ∫ 0    𝜋 2  g  ( x ) d x .


    I  I I I =   𝜋 4 .

